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MULTIDIMENSIONAL BORG-LEVINSON THEOREM
YAROSLAV KURYLEV, MATTI LASSAS, AND RICARDO WEDER
Abstrat. We onsider the inverse problem of the reonstrution of a Shrödinger
operator on a unknown Riemannian manifold or a domain of Eulidean spae. The
data used is a part of the boundary Γ and the eigenvalues orresponding to a set of
impedanes in the Robin boundary ondition whih vary on Γ. The proof is based
on the analysis of the behaviour of the eigenfuntions on the boundary as well as in
perturbation theory of eigenvalues. This redues the problem to an inverse boundary
spetral problem solved by the boundary ontrol method.
Key words: Inverse spetral problems, analysis on manifolds, Shrödinger opera-
tor.
1. Introdution
In 1929 Ambartsumyan [2℄ onsidered the Sturm-Liouville problem
− ψ′′ + q(x)ψ = λψ, x ∈ (0, 1), ψ′(0) = ψ′(1) = 0,(1)
where the potential q is ontinuous and real valued. Let {λk}
∞
k=0 be the eigenvalues
for this Sturm-Liouville problem. Ambartsumyan proved that if λk = k
2
for k =
0, 1, . . . , then q ≡ 0.
The next important ontribution was due to Borg [6℄ who assumed that q is inte-
grable and real valued. His result an be stated as follows. He proved that one
spetrum in general does not uniquely determine the orresponding Sturm-Liouville
operator and that the result of Ambartsumyan is a speial ase.
Let {λk}
∞
k=0 be the eigenvalues for (1) with the boundary onditions
ψ′(0) + h1 · ψ(0) = 0, ψ
′(1) + h3 · ψ(1) = 0,
and let {µk}
∞
k=0 be the eigenvalues with the boundary ondition
ψ′(0) + h2 · ψ(0) = 0, ψ
′(1) + h3 · ψ(1) = 0,
where h1 6= h2, h3 are real numbers. Then, the two sets {λk}
∞
k=0 and {µk}
∞
k=0
uniquely determine h1, h2, h3 and q. Levinson [20℄ obtained simpler proofs of some
of the results of Borg.
Borg [7℄ and Marhenko [22℄ generalized the Borg-Levinson theorem to Sturm-
Liouville operators on the half line with a boundary ondition at the origin when
1
2 YAROSLAV KURYLEV, MATTI LASSAS, AND RICARDO WEDER
there is no ontinuous spetrum. They independently proved that the disrete spe-
tra orresponding to two dierent boundary onditions at x = 0 (with a xed bound-
ary ondition, if required, at x = +∞) uniquely determine the potential and the
boundary onditions at the origin.
Borg-Marhenko's result was generalized to the ase where there is also a ontinuous
spetrum in [1℄ where it was proven that the potential and boundary onditions are
uniquely determined by an appropriate data set ontaining the disrete eigenvalues
and ontinuous part of the spetral measure orresponding to one boundary ondi-
tion at the origin and a subset of the disrete eigenvalues for a dierent boundary
ondition. Another extension of the Borg-Marhenko theorem to the ase with a
ontinuous spetrum is given by Gesztesy and Simon [9℄. The uniqueness result is
proven there in the ase when Krein's spetral shift funtion is known.
The Borg-Levinson inverse two spetra problem an be redued to the inverse bound-
ary spetral problem with data of the form
{λk, ck}
∞
k=0(2)
where ck are the norming onstants,
ck := ‖ψk‖L2(0,1),
and ψk is the eigenfuntion orresponding to λk with ψk(0) = 1, ψ
′
k(0) = −h1. See
for example [21℄, [8℄. Clearly, data (2) is equivalent to the following inverse boundary
spetral data,
{λk, φk(0)}
∞
k=0,(3)
where now φk are the unit-norm eigenfuntions.
A multidimensional analog of boundary spetral data is the set
{λk, φk|∂Ω}
∞
k=0,
in the ase of the Neumann or third-type boundary onditions (f. (3), and the set
{λk, ∂nφk|∂Ω}
∞
k=0,
in the ase of the Dirihlet boundary ondition. Here Ω ⊂ Rn is a (smooth) bounded
domain and ∂n is the interior unit normal derivative to ∂Ω. In omparison with the
1−dimensional ase, not all seond-order ellipti operators, even isotropi ones, an
be redued to a Shrödinger operator in Ω. For dierent lasses of isotropi ellipti
operators, e.g. for an aousti operator, or a Shrödinger operator , or a more
general seond-order operator, namely,
(4)
Au = −c−2(x)∆u, or Au = −∆u + q(x)u, or Au = −div (ε(x)▽u) + q(x)u,
where c, ε are positive funtions and q is a real-valued funtion in Ω, the uniqueness
of determination of c, or q, or ε and q was proven, orrespondingly in [3℄, [23℄ and
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[24℄. It should be noted that the methods used in these papers diered signiantly,
with [3℄ introduing the boundary ontrol (BC) method while [23℄ being based on
the omplex geometri optis method of [25℄ and [24℄ using the ideas of ∂-problem.
The inverse boundary spetral problem for the anisotropi ase was onsidered in [4℄,
where it was shown that boundary spetral data determine a ompat Riemannian
manifold and in [17℄, [18℄ and [19℄ where it was shown that boundary spetral data
determine, up to a natural group of gauge transformations, a general seond-order
self-adjoint ellipti operator and a wide lass of seond-order non-self-adjoint ellipti
operators on a ompat manifold. It should be noted that, the boundary ∂Ω of the
manifold being given, the manifold itself was not a priori known and was to be
reovered from the boundary spetral data whih, in this ase, is the set
(∂Ω, {λk, φk|∂Ω}
∞
k=1)(5)
where λk and φk are the Neumann-eigenvalues and normalized eigenfuntions of the
Laplae-Beltrami operator.
In this paper we use invariant formulation of inverse problems, i.e., formulate the
problem in terms of manifolds. For larity, we also apply the obtained results in
the Eulidean setting. Unless otherwise speied, (Ω, g) is a smooth onneted
ompat Riemannian manifold with non-empty boundary. On (Ω, g) we study the
Shrödinger operator
A = −∆+ q
where ∆ = ∆g is the Laplae-Beltrami operator. By A
ω
we denote the operator A
dened in the set of H2(M) funtions that satisfy the third-type boundary ondition
on ∂Ω,
(∂νu+ ωu) |∂Ω = 0,
with ∂ν being the interior normal derivative on ∂Ω in the orresponding metri.
Following physial literature, we refer to the real valued funtion ω ∈ C∞(∂Ω) as
the impedane. The proofs in [17℄, [18℄, [19℄ were based on a geometri approah
to the BC-method, see [14℄ for a detailed exposition. It is, however, lear from
the onsiderations above that the mentioned papers on multidimensional inverse
problems did not onsider a multidimensional analog of the Borg-Levinson inverse
problem , but the inverse boundary spetral problem. A multidimensional analog
of the Borg-Levinson inverse problem may be formulated as follows:
Denition 1.1. Let (Ω, g) be a ompat onneted Riemannian manifold with non-
empty boundary ∂Ω, Σ ⊂ ∂Ω be an open onneted non-empty subset and q be a real-
valued funtion in C∞(Ω). Let ω0 ∈ C
∞(∂Ω) be a real valued funtion. Consider
the Shrödinger operators in L2(Ω) of the form,
Aωu = −∆u + qu, D(Aω) = {u ∈ H2(Ω) : (∂νu+ ωu) |∂Ω = 0},(6)
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where ω is real valued and ω˜ = ω − ω0 ∈ C
∞
0 (Σ). Denote by λk(ω), k = 1, 2, . . . the
orresponding eigenvalues ounting multipliity. The loal spetral data is
Σ and the map ω 7→ {λk(ω)}
∞
k=1 dened for ω ∈ C
∞(∂Ω), ω − ω0 ∈ C
∞
0 (Σ).(7)
Note that here Ω is ompat manifold so that C∞(Ω) onsists of funtions that are
smooth upto the boundary.
Problem 1.2. Do loal spetral data of form (7) determine (Ω, g), q and ω0 uniquely?
Note, that by determination of a Riemannian manifold (Ω, g) we mean determination
of its isometry type.
We denote the Gateaux derivatives of ω 7→ λk(ω) at ω0 in the diretion ω˜ by
λk,ω0(ω˜) = dλk|ω0(ω˜). Clearly, loal spetral data make it possible to nd the λk,ω0(ω˜)
for any k = 1, 2, . . . and ω˜ ∈ C∞0 (Σ).
In following, we use notation
B∞ε (ω0) = {ω ∈ C
∞(∂Ω) : ||ω − ω0||L∞(∂Ω) < ε, ω − ω0 ∈ C
∞
0 (Σ)}.(8)
Depending on degeneray/non-degeneray of the spetrum of Aω0 , we prove the
following result.
Theorem 1.3. Let (Ω, g) be a smooth, ompat, onneted Riemannian manifold
with boundary and Σ ⊂ ∂Ω be an open, onneted, non-empty subset and Aω0 be a
Shrödinger operator of form (6). Then
a. If the spetrum of Aω0 is simple, then Σ, the eigenvalues λk(ω0), and their Gateaux
derivatives, λk,ω0(ω); ω ∈ C
∞
0 (Σ) uniquely determine (Ω, g), q and ω0.
b. For arbitrary Aω0, given Σ and {λk(ω)}
∞
k=1 for all real-valued ω ∈ B
∞
ǫ (ω0) with
some ǫ > 0, one an uniquely determine (Ω, g), q and ω0.
Note that, in Theorem 1.3, we do not assume an a priori knowledge of either Ω or
∂Ω. We only have to know Σ. Theorem 1.3 has the following orollary in Eulidean
setting.
Corollary 1.4. Let Ω ⊂ Rn, gij(x) = c(x)δij be a onformally isotropi metri on
Ω, and Σ ⊂ ∂Ω be open and non-empty. Let Aω0 be a Shrödinger operator of form
(6). Then Σ and {λk(ω)}
∞
k=1 for all real valued ω ∈ B
∞
ǫ (ω0), with some ǫ > 0,
determine Ω as a subset of Rn, c(x), q, and ω0 uniquely.
2. Boundary behavior of eigenfuntions
In this setion we onsider the eigenvalues and eigenfuntions of an operator Aω for
a xed ω. In this onnetion we skip using ω throughout this setion, writing λk
instead of λk(ω) and φk instead of φk(ω).
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To desribe behavior of eigenfuntions near ∂Ω we employ the boundary normal
oordinates x = (z, τ), where τ = dist(x, ∂Ω) and z is the unique point on ∂Ω
nearest to x with loal oordinates z = (z1, . . . , zn−1).
Lemma 2.1. Let φ be an eigenfuntion for an eigenvalue λ of an operator Aω (with
some xed ω). Then, for any z0 ∈ ∂Ω, there is a multi-index α0 ∈ Z
n−1
+ suh that
∂α0φ(z0) 6= 0.(9)
Here φ(z) = φ(z, 0) and equation (9) is valid in proper loal oordinates on ∂Ω,
z = (z1, . . . , zn−1) where, without loss of generality, z0 = 0.
Proof. If ω 6= 0 we introdue a gauge transformation [14℄
u −→ v = κu, κ ∈ C∞(Ω), κ(x) > 0 for x ∈ Ω, ∂τκ|τ=0 = −ω.
Then ψ = κφ is a smooth solution to the equation
(10)
−∂2τψ − g
ij∂i∂jψ + a
n∂τψ + a
i∂iψ + a
0ψ = λψ, τ > 0, i, j = 1, . . . , n− 1,
where a0, ai, an and gij are funtions of (z, τ), and
∂τψ|τ=0 = 0.(11)
Assume now that, for any α = (α1, . . . , αn−1) ∈ Z
n−1
+ , ∂
αφ(0) = ∂α1z1 . . . ∂
αn−1
zn−1
φ(0) =
0 and, therefore, ∂αψ(0) = 0. Using (10), (11), this implies that for any β =
(β1, . . . , βn) ∈ Z
n
+,
∂β1z1 . . . ∂
βn−1
zn−1
∂βnτ ψ(0) = 0.(12)
Let ψ̂, â0, âi, ĝij be even ontinuations of these funtions aross the boundary τ = 0
and ân be an odd ontinuation of an. Then, in an open set U ⊂ R
n, 0 ∈ U , the
funtion ψ̂ is a C2(U) solution of the equation
− ∂2τ ψ̂ − ĝ
ij∂i∂jψ̂ + â
n∂τ ψ̂ + â
i∂iψ̂ + â
0ψ̂ = λψ̂,(13)
with ĝij ∈ C0,1(U) and âp ∈ L∞(U), p = 0, . . . , n. Moreover, by (12), for any N > 0
there is CN so that
|ψ̂(z, τ)| ≤ CN |x|
N , |x|2 =
n−1∑
i=1
|zi|2 + τ 2.
This, together with equation (13) imply, due to the Hörmander strong uniqueness
priniple, [10℄, that ψ = φ = 0. ✷
It will be shown in the next setion that, under some additional assumptions, loal
spetral data determine |φω0k (x)|, x ∈ Σ, k = 1, 2, . . . . Moreover, the following result
holds:
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Theorem 2.2. Given ξ ∈ C∞(Σ) suh that ξ(z) = |φ(z)|, z ∈ Σ, where φ is an
eigenfuntion of an operator Aω0, it is possible to nd φ|Σ up to multipliation by
±1.
Proof. To x the sign of φ, hoose a point z0 ∈ Σ where ξ(z0) > 0 and take φ(z0) =
ξ(z0) > 0. Let (z
1, . . . , zn−1) ∈ Br ⊂ R
n−1
be Riemannian normal oordinates in
the metri ball Br(z0) ⊂ Σ, where (∂Ω, g) is endowed with the metri indued by
(Ω, g). Note that we an hoose
r = min(inj(∂Ω), d∂Ω(z0, ∂Σ)).(14)
We rst show that ξ determines φ everywhere in Br. By ontinuity of φ, it is
lear that ξ determines φ in ball Br˜ for suiently small r˜. Let ρ be the largest
possible value ρ ≤ r suh that ξ determines φ in ball Bρ. We want to show that
ρ = r. Assuming the ontrary, we note that φ is dened on the losure Bρ. Let
y ∈ ∂Bρ ⊂ Σ. If φ(y) 6= 0, then, by ontinuity, ξ determines φ in a viinity of y. If
φ(y) = 0, by Lemma 2.1 there is m > 0 suh that
φ(z) =
∑
|α|=m
bα(z − y)
α +O
(
|z − y|m+1
)
, bα0 6= 0 for some α0, |α0| = m.(15)
It follows from (15) that there is an open dense set W ⊂ Sn−2 suh that, for
e = (e1, . . . , en−1) ∈ W ,
∂me φ(y) = (e
j∂j)
mφ(y) 6= 0.
Choosing e transversal to ∂Bρ at y and assuming that, without loss of generality,
∂e = ∂n−1, we obtain, using Malgrange Preparation Theorem, e.g. [11, Th. 7.5.5℄,
that, in a viinity of y,
φ(ẑ, zn−1) = c(ẑ, zn−1)
m∑
l=0
al(ẑ)(z
n−1 − yn−1)l.(16)
Here ẑ = (z1, . . . , zn−2), the funtion c(z) = c(ẑ, zn−1) is a C∞−funtion near z = y
with c(y) 6= 0 and am(ẑ) = 1. Therefore, φ(ẑ, z
n−1), for a xed ẑ, has only a nite
number of real roots, rj(ẑ). The funtion φ(ẑ, z
n−1), onsidered as a funtion of
zn−1, hanges its sign at rj(ẑ) when this root is of an odd order and does not hange
the sign when the root is of an even order. As the lines ẑ = onst are transversal
to ∂Bρ near y, we obtain the ontinuation of φ into a viinity of y. As y ∈ ∂Bρ is
arbitrary, we obtain the ontinuation of φ into an open neighborhood of Bρ. Thus,
ρ = r, i.e. φ an be uniquely determined everywhere in the ball Br. It also follows
from the above arguments that {z : φ(z) 6= 0}∩Br(z0) is an open set of full measure.
To proeed further, let z˜ ∈ Σ and L be a urve in Σ onneting z0 with z˜. We
over L by a nite number of balls Brj/2(zj), j = 0, 1, . . . , J, zJ = z˜, suh that
Brj/2(zj)∩Brj+1/2(zj+1) 6= ∅. In partiular, there is a point z˜1 ∈ Br0/2(z0)∩Br1/2(z1)
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with φ(z˜1) 6= 0. By the previous onstrution we nd φ in Br˜1(z˜1) whih ontains
Br1/2(z1). Continuing this proess, we nd φ(z˜). ✷
3. Generi behavior of eigenvalues
Consider the quadrati form Qω related to the operator Aω,
Qω(u) =
∫
Ω
(
|∇u|2 + q|u|2
)
dV +
∫
∂Ω
ω|u|2 dS,(17)
where dV, dS are the volume and area forms generated by the metri g in Ω and
∂Ω.
Let A(t) be an analyti, for |t| < ε, one-parameter family of Shrödinger operators
of the form (6), where the impedane ω(t) of the form
ω(t) = ω0 + tω˜, with real ω˜ ∈ C
∞
0 (Σ).(18)
Then A(t) is a self-adjoint homomorphi operator family of type (B), in the sense
of Kato [16, Setion 7.4℄, so that the eigenvalues λk(ω(t)) and eigenfuntions φ
ω(t)
k
may be hosen to be analyti with respet to t. In this ase we an nd the Gateaux
derivative of λk with respet to t. A bit more generally, the following result holds:
Lemma 3.1. Let λk(t), φk(t) be an eigenvalue and a orresponding normalized
eigenfuntion of A(t) whih are dierentiable with respet to t. Then
λ˙k(t) = −
∫
∂Ω
|φk(t)|
2ω˜ dS,(19)
where λ˙ stands for the t−dierentiation of λ.
Proof. Dierentiating with respet to t the equation for φk(t), we get
(−∆+ q − λk(t)) φ˙k(t) = λ˙k(t)φk(t).
Thus, due to ||φk(t)|| = 1,
λ˙k(t) =
∫
Ω
(
(−∆+ q − λk(t))φ˙k(t)
)
φk(t) dV(20)
=
∫
∂Ω
(
∂νφ˙k(t)φk(t)− φ˙k(t) ∂νφk(t)
)
dS.
By the boundary ondition in (6),
∂ν φ˙k(z, t) = −
(
ω(z, t)φ˙k(z, t) + ω˙(z, t)φk(z, t)
)
, z ∈ ∂Ω.
This together with (20) imply equation (19) due to (18). ✷
Denote by µk(ω) the multipliity of λ
ω
k and assume that µk(ω) is onstant near ω0.
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Corollary 3.2. Assume that for some ε > 0, λk−j−1(ω) < λk−j(ω) = . . . λk(ω) =
· · · = λk+p−1(ω) < λk+p(ω), p+ j = µk(ω0), for all
ω ∈ B∞ε (ω0).(21)
Then for any ω˜ ∈ C∞0 (Σ) and a normalized eigenfuntion φ of A
ω0
orresponding
to the eigenvalue λk(ω0) there is an eigenvalue λ(t) and a normalized eigenfuntion
φ(t) of Aω(t), ω(t) = ω0+ tω˜ suh that φ(0) = φ and that the equation (19) is valid.
This result is standard for the perturbation theory for quadrati forms, e.g. [16℄,
[5℄. We repeat its proof for the onveniene of the reader.
Proof. By the perturbation theory for quadrati forms, e.g. [16℄, [5℄, a suiently
small disk entered in λk = λk(ω0) does not ontain eigenvalues of A
ω
, exept for
λk−j(ω), . . . , λk+p−1(ω), when ω satises (21) with suiently small ε. Consider the
Riesz projetors, P ωk , to the eigenspae orresponding to λk(ω),
P ωk =
1
2πi
∫
Γ
Rωz dz,(22)
where Rωz is the resolvent for A
ω
and Γ is a suiently small irle around λk(ω0).
When ω = ω(t) is of form (18), Rz(t) is an analyti, with respet to t, operator-valued
funtion in L2(Ω). Therefore, P ωk are also analyti with respet to t. Moreover, for
suiently small ε and real t, φ˜(t) = P
ω(t)
k φ 6= 0 so that φ(t) = φ˜(t)/||φ˜(t)|| is a
desired normalized eigenfuntion for A(t) whih smoothly depends on t. This implies
also that λk(t) is smooth with respet to t and the onsiderations of Lemma 3.1 are
valid. ✷
Combining Corollary 3.2 with Theorem 2.2 we obtain the following result.
Corollary 3.3. Assume that λk(ω) has a onstant multipliity, µk(ω) = µk(ω0) for
all ω satisfying equation (21). Then µk(ω) = 1.
Proof. By orollary 3.2, any φ ∈ P ω0k L
2(Ω), ||φ|| = 1 satises equation (19). Thus,
for any two dierent normalized eigenfuntions φ, φ˜ for λk,∫
∂Ω
|φ|2ω˜ dS =
∫
∂Ω
|φ˜|2ω˜ dS,
with arbitrary ω˜ ∈ C∞0 (Σ).This implies that |φ| = |φ˜| on Σ, so that φ|Σ = ±φ˜|Σ.
This, together with the boundary ondition in (6), yield that also ∂νφ|Σ = ±∂ν φ˜|Σ.
Using the similar arguments as in proof of Lemma 2.1 and applying the Hörmander
unique ontinuation theorem [10℄, φ = ±φ˜ on Ω. ✷
We now investigate the multipliity of eigenvalues under small perturbations of the
impedane.
Lemma 3.4. For any k ∈ Z+, ε > 0 there is ω ∈ C
∞(∂Ω) satisfying equation (21)
suh that λi(ω) are simple for i = 1, . . . , k.
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Proof. By the perturbation theory for quadrati forms e.g. [16℄, [5℄, for any ω0 ∈
C∞(∂Ω) and i ∈ Z+, there are ǫ, δ > 0 suh that
dimP ω(δ)L2(Ω) = dimP ω0i L
2(Ω),
for all ω ∈ B∞ǫ (ω0), where P
ω(δ) is the projetor onto the sum of eigenspaes of Aω
orresponding to the eigenvalues from the interval (λi(ω0)−δ, λi(ω0)+δ). Therefore,
µi(ω0) is an upper-semiontinuous funtion of ω0 ∈ L
∞(∂Ω).
Let
µ
i
(ω0) = lim inf
ω→ω0, ω−ω0∈C∞0 (Σ)
µi(ω), µi(ω0) = lim sup
ω→ω0, ω−ω0∈C∞0 (Σ)
µi(ω).
As µi(ω) ∈ Z+, there is δi = δi(ω0) > 0, suh that
minµi(ω) = µi(ω0), maxµi(ω) = µi(ω0),
where minimum and maximum are taken over the set ω ∈ B∞δi(ω0)(ω0). Choose ω1
with µ1(ω1) = µ1(ω0) suh that
||ω1 − ω0||L∞(∂Ω) < min(ε/k, δ1(ω0)), ω1 − ω0 ∈ C
∞
0 (Σ).
Then, due to the mentioned upper-semiontinuity of µ1, there is δ˜1 > 0 so that
µ1(ω) = µ1(ω1) for ω ∈ B
∞
δ˜1
(ω1).(23)
By Corollary 3.3,
µ
1
(ω0) = µ1(ω) = 1,
for ω ∈ B∞
δ˜1
(ω1).
Next we nd δ2 < δ˜1 suh that
min µ2(ω) = µ2(ω1)
where minimum is taken over the set
ω ∈ B∞δ2 (ω1).(24)
This makes it possible to hoose ω2 satisfying (24) and also
µ2(ω2) = µ2(ω1), ||ω2 − ω1||L∞(∂Ω) < min(ε/k, δ2).
Repeating the same arguments as for µ1, there is δ˜2 < min(ε/k, δ2) suh that
µ
2
(ω1) = µ2(ω) = 1,(25)
for ω ∈ B∞
δ˜2
(ω2), and the ball B
∞
δ˜2
(ω2) lies inside the ball B
∞
δ˜1
(ω1) so that also
µ1(ω) = 1.
Continuing this proedure, we nd ωk ∈ C
∞(∂Ω), ωk − ω0 ∈ C
∞
0 (Σ) with
µ1(ωk) = · · · = µk(ωk) = 1.(26)
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Moreover, it is seen easily from the above onstrution that
||ωk − ω0||L∞(∂Ω) < ε.
✷
Remark 3.5. A slight modiation of the previous arguments shows that, in any
C∞0 (Σ)−neighborhood of ω0 there is an impedane ω suh that the spetrum of A
ω
is simple. Indeed, we an easily generalize Lemma 3.4 to show that, for any k ∈
Z+, ε > 0 and ω there is ωk satisfying (26) suh that
||ωk − ω||Ck(∂Ω) <
ε
2k
.(27)
To onstrut ω with simple spetrum, we rst nd ω1 with µ1(ω1) = 1 satisfying (27)
with k = 1 and ω0 instead of ω. Then we nd ω2 with µ1(ω2) = µ2(ω2) = 1 and (27)
with k = 2 and ω1 instead of ω. By taking, if neessary, ω2 to be L
∞−loser to ω1,
we obtain that
|λ1(ω2)− λ2(ω2)| > (1/2− 1/2
2)|λ1(ω1)− λ2(ω1)|.(28)
Next we nd ω3 with µ1(ω3) = µ2(ω3) = µ3(ω3) = 1 and (27) with k = 3 and ω2
instead of ω. By taking, if neessary, ω3 to be L
∞−loser to ω2, we obtain that
|λ1(ω3)− λ2(ω3)| > (1/2− 1/2
3)|λ1(ω1)− λ2(ω1)|,(29)
|λ2(ω3)− λ3(ω3)| > (1/2− 1/2
3)|λ2(ω2)− λ3(ω2)|.
Continuing the above proedure, we onstrut a onverging, in C∞(∂Ω), sequene
ωk. Denote by ω its limit, ω = limωk. By (27), for any p ∈ Z+,
||ω0 − ω||Cp(∂Ω) < ε.(30)
As λi(ω) depends ontinuously on ω, equations (28), (29), and analogous equations
for further ωk show that
|λk(ω)− λk+1(ω)| ≥
1
2
|λk(ωk)− λk+1(ωk)| > 0,
so that Aω has simple spetrum. It is lear from the above onstrution that the set
of impedanes ω with degenerate spetrum is of the rst Baire ategory.
We note that the above result an be also obtained using [26℄, however, the method
of [26℄ is dierent from the one in Remark 3.5 being based on the ideas of [27℄ rather
than the quadrati forms perturbation theory and unique ontinuation for ellipti
equation.
4. From loal spetral data to boundary spetral data . Proof of
main results.
We are now in the position to prove our main results. We start with the following
tehnial theorem:
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Theorem 4.1. For any real ω0 ∈ C
∞(∂Ω) and any open, non-empty onneted
Σ ⊂ ∂Ω, the loal spetral data determine the traes φk|Σ, k = 1, . . . , up to a sign,
of the eigenfuntions of the Shrödinger operator Aω0.
Proof. If µi(ω0) = 1, Corollary 3.2 makes possible to nd, for an arbitrary ω˜ ∈
C∞0 (Σ), ∫
∂Ω
ω˜|φi|
2 dS,(31)
where φi is the normalized eigenfuntion of A
ω0
orresponding to λi(ω0).
Let now µi(ω0) = p > 1, say λl = · · · = λi = · · · = λm, l ≤ i ≤ m, m − l = p − 1.
By Lemma 3.4, there are smooth impedanes ωn, n = 1, 2, . . . , whih onverge to
ω0 while their eigenvalues λj(ωn), 1 ≤ j ≤ m, remain simple. By Corollary 3.2 it
is possible to nd
∫
∂Ω
ω˜|φnj |
2 dS, where φnj , for l ≤ j ≤ m, are the orthonormalized
eigenfuntions of Aωn orresponding to λj(ωn). As ||φ
n
j ||H1(Ω) are uniformly bounded,
there is a subsequene n(k), whih we assume to be the whole sequene, suh that
lim
n→∞
φnj = φj, 1 ≤ j ≤ m.(32)
The onvergene in (32) is weak in H1(Ω) and strong in Hs(Ω) for any s < 1. As
lim
n→∞
λj(ωn) = λj(ω0), 1 ≤ j ≤ m,
φj satisfy the equation
(−∆+ q)φj = λj(ω0)φj.
Moreover, as
lim
n→∞
φnj |∂Ω = φj|∂Ω in L
2(∂Ω),
we see that φj are normalized eigenfuntions of A
ω0
for λj , 1 ≤ i ≤ m. In addition,
for multiple eigenvalues of Aω0 , the orresponding eigenfuntions remain orthogonal
beause the eigenfuntions φnj , φ
n
k , j, k ≤ m are orthogonal for any n and j 6= k.
Thus, φj are the rst m orthonormal eigenfuntions of A
ω0
.
Also,
lim
n→∞
∫
∂Ω
|φnj |
2ω˜ dS =
∫
∂Ω
|φj|
2ω˜ dS,(33)
for any ω˜ ∈ C∞0 (Σ), so that we know all integrals (31) when i ≤ m. Sine m ∈ Z+ is
arbitrary, we determine the integrals (31) for any i ∈ Z+ and ω˜ ∈ C
∞
0 (Σ). In turn,
this determines all funtions |φi|Σ. Applying Theorem 2.2 we nd φi, i = 1, 2, . . . ,
on Σ up to a sign. ✷
Proof of Theorem 1.3.
a. If all eigenvalues of Aω0 are simple, then, by upper semiontinuity of µk, it follows
from Corollary 3.2 that the Gateaux derivatives of λk(ω0) determine the integrals
12 YAROSLAV KURYLEV, MATTI LASSAS, AND RICARDO WEDER
(31) for any ω˜ ∈ C∞0 (Σ). It then follows from the proof of Theorem 4.1 that the
Gateaux derivatives of λk(ω0) determine φi(ω0), i = 1, 2, . . . , on Σ.
b. In general, Theorem 4.1 shows that λi(ω) for ω satisfying (21) with any ε > 0,
determine φi(ω0), i = 1, 2, . . . , on Σ. By [13, Thm. 7.3℄, this data determines
uniquely the isometry type of (Ω, g) and the gauge-equivalene lass {κ−1Aω0κ :
κ ∈ C∞(Ω), κ(x) > 0} of the operator Aω0. By [14, Lemma 2.29℄ this equivalene
lass ontains a unique Shrödinger operator of the form (6). Thus we an nd q
and ω0. This ompletes the proof of Theorem 1.3. ✷
Corollary 1.4 is a diret onsequene of Theorem 1.3 and the fat that by Liouville
Theorem [12℄, an isometri embedding of a onformally Eulidean n-manifold to Rn
is unique.
Remark 4.2. In the ase where some of the eigenvalues of Aω0 are simple and
some are degenerate, our proof gives a result that is slightly more general than (b)
in Theorem 1.3.
We have atually proven that (Ω, g), q and ω0 are uniquely determined by the data
onsisting of Σ, the simple eigenvalues λk(ω0) and their Gateaux derivatives, λk,ω0(ω);
ω ∈ C∞0 (Σ), and moreover, for eah degenerate eigenvalue, λk(ω0), with multipliity
µk(ω0), the loal spetral data, {λl(ω)}
k+p−1
l=k−j for all ω ∈ B
∞
ǫ (ω0) for some ǫ > 0, and
where p, j are the only integers suh that, p+ j = µk(ω0), and
λk−j−1(ω0) < λk−j(ω0) = · · · = λk(ω0)) = · · · = λk+p−1(ω0) < λk+p(ω0).
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